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1 Generalized Fluctuation Dissipation Theorem
For a system in statistical equilibrium, the Generalized Fluctuation Dissipation
Theorem (GFDT) relates perturbations to system dynamics and the invariant
measure associated with the system. Although the perturbations are considered
to act only on initial conditions, the resulting theory can also be applied when
continuous forcing is used. As such, the GFDT can be used to calculate response
functions. These are the appropriate objects to use when predicting expected
(relatively) small changes in system dynamics. Applications of the theorem
include statistical mechanics, causality relations, and climate change.

1.1 Variable Names and Assumptions
We assume a (finite-dimensional) dynamical system of the form

˙⃗u = f⃗(u⃗) + ϵξ⃗ (1)

where f⃗ is the deterministic part of the dynamics and ξ⃗ is delta-correlated in
time (state-independent) white-noise. We further assume that the dynamical
system admits a unique and differentiable steady-state probability distribution
ρ(u⃗) that solves the steady-state Fokker-Plank equation

∇ ·
(
f⃗ρ− ϵ2

2
∇ρ

)
= 0. (2)

In this section, we abuse notation and let subscripts on the vector u⃗ denote
different random variables. For example, u⃗0 is a random variable associated with
the time t = 0, and u⃗T is a random variable associated with t = T .

The transition probability from a past state to a future state is denoted by
ρ(u⃗T |u⃗0) and this probability is the solution to the forward evolution of the
Fokker-Plank equation starting with initial density ρ(u⃗, 0) = δ(u⃗− u⃗0), e.g.

L• ≡ ∇ ·
(
f⃗ • −ϵ2

2
∇•
)

(3)

ρ(u⃗T |u⃗0) ≡ exp(T L)δ(u⃗− u⃗0) (4)
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where L is the Fokker-Plank operator and exp(T L) is the Perron-Frobenius
operator at time T , i.e., the operator exponential of L over timescale T . Thus
u⃗T is correlated with u⃗0 over short times. We also let

ρ(u⃗T , u⃗0) ≡ ρ(u⃗T |u⃗0)ρ(u⃗0) (5)

denote the joint probability distribution between u⃗0 and u⃗T .
We have the relations

ρ(u⃗) = lim
T →∞

ρ(u⃗T |u⃗0) =

∫
du⃗0ρ(u⃗|u⃗0)ρ(u⃗0) (6)

where the middle equality states that that the invariant measure ρ(u⃗) is unique
and the last equality states that ρ(u⃗) is an eigenvalue of the Perron-Frobenius
operator ρ(u⃗|u⃗0) with eigenvalue 1.

An observable g maps our state u⃗ to a scalar value. This observable can be
any (linear/nonlinear) functional of the state u⃗. We are often concerned with
the evolution of different observables of our system.

1.2 Definition of System Perturbations
An operational definition of “system perturbation” (in the text we denoted this
as the “Dynamical response”) is

1. Choose a fixed (small in magnitude) perturbation vector ε⃗

2. Choose an observable g

3. Draw an initial condition drawn from the system steady-state distribution

4. Evolve two trajectories, one with initial condition u⃗0 and the other with
initial condition u⃗0+ ε⃗. Use the same sequence of noise realizations in each
case if the system is stochastic.

5. Compute the difference between the observable g in the perturbed and
unperturbed trajectory at each moment in time starting from t = 0.

6. Repeat 2-4 for many initial conditions drawn from the steady state distri-
bution and average the result.

The above sequence of steps is considered the “left-hand side” of the GFDT.
If we treat the “left-hand side” of the GFDT as the “Langevin” version

of GFDT, the “right-hand side” is the “Fokker-Plank” definition followed by
approximations. We first consider the average value of an observable of the
unperturbed trajectory. As is done in the Dynamical response, we first draw an
initial condition from the distribution ρ(u⃗0), then evolve our trajectory forward
in time so that the distribution in the end is ρ(u⃗T |u⃗0). We are interested in the
average value of the observable at time T ; thus, the observable is evaluated at
g(u⃗T ). Together, this yields the unperturbed average∫

du⃗0du⃗T ρ(u⃗0)ρ(u⃗T |u⃗0)g(u⃗T ), (7)
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which simplifies to∫
du⃗0du⃗T ρ(u⃗0)ρ(u⃗T |u⃗0)g(u⃗T ) =

∫
du⃗T ρ(u⃗T )g(u⃗T ) = ⟨g⟩ (8)

from our assumptions that there is a unique steady-state distribution.
The perturbed version follows from the same logic. As is done in the

Dynamical response, we first draw an initial condition from the distribution
ρ(u⃗0), then evolve our trajectory forward in time from a perturbed version of
our initial condition, u⃗0 + ε⃗, so that the distribution in the end is ρ(u⃗T |u⃗0 + ε⃗).
Thus, our perturbed trajectory is

⟨g⟩p =

∫
du⃗0du⃗T ρ(u⃗0)ρ(u⃗T |u⃗0 + ε⃗)g(u⃗T ). (9)

The difference between the two yields the Fokker-Plank version

⟨δg⟩ = ⟨g⟩p − ⟨g⟩. (10)

This equation is the starting point for deriving the Generalized Fluctuation
Dissipation Theorem.

1.3 Derivation with State-Dependent Perturbations
We will derive the Generalized Fluctuation Dissipation Theorem, in line with
Appendix A of (1), and further generalize to the case where the perturbation
is allowed to be state-dependent. The average change in an observable g with
respect to a state-dependent perturbation ε⃗(u⃗0) to an initial condition u⃗0 is
given by

⟨δgT ⟩ ≡
∫

du⃗0du⃗T g(u⃗T )ρ(u⃗0) [ρ(u⃗T |u⃗0 + ε⃗(u⃗0))− ρ(u⃗T |u⃗0)] , (11)

where ε⃗ is an infinitesimal of magnitude ε. If we assume that we have a steady
state distribution, e.g.,

∫
du⃗0ρ(u⃗T |u⃗0)ρ(u⃗0) = ρ(u⃗T ) , we have∫

du⃗0du⃗T g(u⃗T )ρ(u⃗0)ρ(u⃗T |u⃗0) =

∫
du⃗0du⃗T g(u⃗T )ρ(u⃗0)ρ(u⃗T |u⃗0) (12)

=

∫
du⃗T g(u⃗T )ρ(u⃗T ) (13)

= ⟨g⟩ (14)

where the last quantity is the ensemble average of g.
We now focus on simplifying the expression∫

du⃗0du⃗T g(u⃗T )ρ(u⃗0)ρ(u⃗T |u⃗0 + ε⃗(u⃗0)). (15)

First, make the change of variable

v⃗0 = u⃗0 + ε⃗(u⃗0) (16)
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which implies

u⃗0 = v⃗0 − ε⃗(u⃗0) ⇒ u⃗0 = v⃗0 − ε⃗(v⃗0 − ε⃗(u⃗0)). (17)

To first order, we then have

u⃗0 = v⃗0 − ε⃗(v⃗0) +O(ε2) (18)

with ε denoting the perturbation strength of ε⃗. The resulting differential is

du⃗0 = det
(
I− εJ⃗

)
dv⃗0 (19)

where εJ⃗ is the Jacobian of ε⃗, ∇ε⃗ = εJ⃗ , and I is the identity matrix. The
expression can be simplified using Jacobi’s formula for the derivative of the
determinant to yield

det
(
I− εJ⃗

)
≈ 1− trace

(
εJ⃗
)
= 1−∇ · ε⃗ (20)

The change of coordinates does not shift the limits of integration, which is
over all of space. Thus we have∫

du⃗0du⃗T g(u⃗T )ρ(u⃗0)ρ(u⃗T |u⃗0 + ε⃗(u⃗0)) (21)

=

∫
dv⃗0du⃗T (1−∇ · ε⃗)g(u⃗T )ρ(v⃗0 − ε⃗)ρ(u⃗T |v⃗0)) (22)

≈ ⟨g⟩ −
∫

dv⃗0du⃗T g(u⃗T ) (ε⃗ · ∇ ln ρ(v⃗0) +∇ · ε⃗(v⃗0)) ρ(v⃗0, u⃗T ) +O(ε2) (23)

Our final expression then simplifies to

⟨δgT ⟩ = −
∫

du⃗0du⃗T g(u⃗T ) (ε⃗(u⃗0) · ∇ ln ρ(u⃗0) +∇ · ε⃗(u⃗0)) ρ(u⃗0, u⃗T ) (24)

where we took the liberty to replace the dummy variable v⃗0 with u⃗0. In total, we
need to calculate the correlation of the function ε⃗ · ∇ ln ρ+∇ · ε⃗ at time 0, with
the observable g at time 0 + T , for each T of interest. Under the assumption
of a statistically steady state, we observe that each time t of our ensemble
of simulations comes from the same steady-state distribution ρ. Thus we can
correlate the observable g at time t+ T with ε⃗ · ∇ ln ρ+∇ · ε⃗ at time t.

1.4 Simplifications
In the text, the perturbation ε⃗ is not state-dependent, in which case the change
in the observable simplifies to

⟨δgT ⟩ = −ε⃗ ·
∫

du⃗0du⃗T g(u⃗T )∇ ln ρ(u⃗0)ρ(u⃗0, u⃗T ). (25)
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We observe that the vector quantity

R⃗g(T ) =

∫
du⃗0du⃗T g(u⃗T )∇ ln ρ(u⃗0)ρ(u⃗0, u⃗T ) (26)

is independent of the perturbation choice ε⃗. The typical response function makes
several choices for the observable g by choosing a set of observables gi where
gi(u⃗0) = ⟨êi, u⃗0⟩, so that the set of vectors R⃗gi(T ) are combined together into
a single response matrix Rij . Once one has access to Rij , the response of any
linear functional g to a small perturbation can be computed. The continuous
analog of the Response matrix is the Response kernel, where the i, j indices
represent different locations in the domain.

1.5 Further Uses of Response Functions
Once one has the Response matrix Rij , it is possible to understand how a system
behaves with respect to a continuous forcing by convolving with the response
matrix. For example, if

˙⃗u = f⃗(u⃗) + h⃗(t) + ξ⃗ (27)
˙⃗v = f⃗(v⃗) + ξ⃗ (28)

then ⟨ui − vi⟩(t) =
∫ t

0
dT
∑

j Rij(t − T )hj(T ) where u⃗ and v⃗ have the same
initial condition drawn from the invariant distribution of the v⃗ system, ui, vi, hi

denotes the i’th component of u⃗, v⃗, h⃗, respectively, and the same sequence of noise
ξ is used in both system. In other words, the ensemble average of the difference
between the two dynamical systems is given by convolution with respect to the
response function.

1.6 The Response Function Using the Gaussian Approxi-
mation

In this section, we derive the response function using the Gaussian approximation
presented in Equation (5) of the manuscript. The Gaussian approximation
consists of approximating the unperturbed steady-state distribution ρ with a
multivariate Gaussian distribution

ρG(u⃗) =
1

(2π)N2/2(det Σ⃗)1/2
exp

(
−1

2
u⃗TΣ⃗−1u⃗

)
, (29)

with Σ⃗ the correlation matrix C⃗(0) calculated for t = 0. Using Equation (4) of
the manuscript, we can write the score function as

s⃗G(u⃗) = −Σ⃗−1u⃗. (30)

The response function then becomes

R⃗G(T ) = ⟨u⃗(T )⊗ u⃗(0)⟩J Σ⃗−1 = C⃗(t)C⃗−1(0). (31)
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2 Derivation of the Score Function for Potential
Systems

For a stochastic dynamical system with correlated noise,

˙⃗u = f⃗(u⃗) + Σ1/2ξ⃗ (32)

the corresponding Fokker-Planck equation is

∂tρ+∇ ·
(
f⃗ρ− 1

2
Σ∇ρ

)
= 0. (33)

We observe that if f⃗ = − 1
2Σ∇V for some potential function V (u⃗) then the

solution steady-state Fokker-Planck equation is

ρ ∝ e−V , (34)

from whence the score function is s⃗(u⃗) = −∇V . A generalization of this
observation is if f⃗ = − 1

2Σ∇V + g⃗ where g⃗ satisfies the following property

∇ ·
(
g⃗e−V

)
= 0. (35)

As a comment, we can always decompose the deterministic component f⃗ in this
manner if we take V ≡ ln ρ with ρ as the steady state distribution and define
g⃗ ≡ f⃗ + 1

2Σ∇V . The gradient of the potential term, ∇V , corresponds to the
time-reversible part of the dynamics, and g⃗ corresponds to the time-irreversible
component.

A sufficient condition that can often be satisfied is

∇ · g⃗ = 0 and ∇V · g⃗ = 0. (36)

The first restriction states that the function g⃗ can’t concentrate probability, and
the latter restriction states that g⃗ can only move the probability on iso-surfaces of
the steady state probability density. This equation must be satisfied by all linear
systems since ∇· g⃗ would be independent of u⃗ while ∇V · g⃗ would be quadratic in
u⃗. The advection terms in the two potential systems of the manuscript satisfied
Equation 36.

For example, consider the linear stochastic differential equation

d
dt

[
u1

u2

]
=

[
−1 1
0 −1

] [
u1

u2

]
+

[
ξ1
ξ2

]
(37)

=

[
−0.8 0.4
0.4 −1.2

] [
u1

u2

]
︸ ︷︷ ︸

− 1
2Σ∇V

+

[
−0.2 0.6
−0.4 0.2

] [
u1

u2

]
︸ ︷︷ ︸

g⃗

+

[
ξ1
ξ2

]
(38)

where the function g⃗ satisfies Equation 36,

V =
[
u1 u2

] [ 0.8 −0.4
−0.4 1.2

] [
u1

u2

]
, and Σ =

[
1 0
0 1

]
. (39)
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See (2) for examples corresponding to Langevin dynamics.
Similar considerations apply to Stochastic PDEs. We can connect them

to the finite-dimensional case through a spatial numerical discretization of the
underlying PDE.

2.1 The Modified Allen-Cahn Equation
The potential function for the modified Allen-Cahn system is given by the
following integral

V[u] = 2

ϵ2

∫ [α
4
(1− u2)2 +

κ

2

(
|∇u|2 + |∆u|2

)]
dx⃗, (40)

where the parameters are defined in the main text. The functions u = ±1 are
global minima of the functional. In steady-state, the probability density (or
Gibbs measure) is given by (3)

ρ(u) ∝ exp (−V) , (41)

which yields the score function

s(u) = −δV
δu

=
2

ϵ2
[
αu(1− u2) + κ(∆−∆2)u

]
. (42)

We comment that the fluctuation-dissipation relation at time t = 0 is

−
∫

D[u]us(u)ρ(u) = δ(x⃗− y⃗), (43)

which differs from the discrete version by δij to δ(x⃗− y⃗). Here, we used a path
integral notation for the previous equation. The presence of the correlated noise
yields dynamics of the form

∂tu = −ϵ2

2
Σ
δV
δu

+ ϵΣ1/2ξ. (44)

Adding in an advection term, as was done in the manuscript,

∂tu = −ϵ2

2
Σ
δV
δu

−A∂xu+ ϵΣ1/2ξ. (45)

does not affect the steady-state distribution.
To see that the advection term does not affect the steady-state distribution

only requires changing reference frames to one with a velocity A and using the
translational invariance of the probability density. Alternatively, one can directly
show via the Fokker-Plank equation that the advection term satisfies Equation
36. The reason the advection term vanishes is two-fold: the first is that the
trace of the advection operator is zero, the second observation is that the inner
product vanishes, ∫

(A∂xu)
δV
δu

dx⃗ = 0, (46)
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in a periodic domain for a constant velocity A. For more details on the topic,
see (3). The same procedure can be applied to the Ornstein-Uhlenbeck system
by replacing the nonlinear term with a linear one. With the Ornstein-Uhlenbeck
system, it is possible to write down the score function for all diffusion times
analytically.

3 Practical Considerations
Bridging the gap between theories and data requires several practical considera-
tions. The discrete identity

⟨uisj(u⃗)⟩ = −δij (47)

will often not be satisfied due to approximation errors. This identity follows
from the calculation

⟨uisj(u⃗)⟩ =
∫
Ω

du⃗ρ(u⃗)uisj(u⃗) =

∫
Ω

du⃗ρ(u⃗)ui∂uj ln ρ(u⃗) (48)

=

∫
Ω

du⃗ρ(u⃗)ui

∂uj
ρ(u⃗)

ρ(u⃗)
= −

∫
Ω

du⃗ui∂ujρ(u⃗) (49)

= −
∫
Ω

du⃗
(
∂ujui

)
ρ(u⃗) = −

∫
Ω

du⃗δijρ(u⃗) (50)

= −δij

∫
Ω

du⃗ρ(u⃗) = −δij1 (51)

There are three primary sources of approximation error in satisfying this
discrete identity:

1. Ensemble averages are often approximated using empirical averages.

2. The score function is approximated using a parameterized model with
finite data and training time.

3. The generative score function is the score function of the data convolved
with a multivariate Gaussian of small width when using a denoising score
loss.

With sufficient data and a sufficiently flexible parametric model, the first two
errors are mitigated but not eliminated. The latter error is fundamental to
estimating a score function using the denoising score loss but is often negligible
compared to the first two errors. Thus, we will focus on the first two sources of
approximation error and will return to the third afterward.

3.1 Correction Procedure
In practice, with sufficient data, Equation (47) becomes

−⟨uisj(u⃗)⟩ ≈ −
N∑

ω=1

uω
i sj(u⃗

ω) = δij − Ξij (52)
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where we have approximated the ensemble average with an empirical average
with the superscript ω denoting different ensemble members, and the matrix
Ξ is a small “error” matrix. The score function at diffusion time τ = 0, used
in the manuscript, corrected this issue by using a modified score to satisfy the
discrete identity, similar to how the Gaussian approximation satisfies the discrete
identity.

We modify the score function by composing it with an additional linear
operator to satisfy Equation (47),

ς⃗ ≡ s⃗(I− Ξ)−1 (53)

This modified score satisfies the discrete identity since

−
N∑

ω=1

uω
i ςj(u⃗

ω) = −

(
N∑

ω=1

uω
i sj(u⃗

ω)

)
(I− Ξ)−1 = (I− Ξ)(I− Ξ)−1 = I (54)

We could have also used

ς⃗2 ≡ (I− Ξ)−1s⃗ or ς⃗3 ≡ 1

2

(
s⃗(I− Ξ)−1 + (I− Ξ)−1s⃗

)
(55)

as the definition of the modified score, but experimentation yielded little difference
between the different choices.

Although we used the corrected score function ς from Equation (53) in all
computations in the manuscript, including those involving the analytic score
function, it was not strictly necessary for the fidelity of any computations;
however, using the correction procedure here, greatly decreased the number of
epochs necessary to obtain an improved result over the Gaussian approximation.
See Section 5.3.

3.2 Uncorrected Score Results
We justify the statement from the previous section by showing results with
the uncorrected score function values. It is worth keeping in mind that the
Gaussian approximation that is often used in the literature satisfies the identity
Equation (47); thus, the baseline comparison will be more favorable towards
the Gaussian model at short times even when compared to the “exact” score
function; however, the generative model’s performance remains better than the
Gaussian counterpart for the nonlinear cases.

We see that in Figure 1 the results are relatively unchanged with respect to
the results in the main manuscript with respect to the strongest responses in
the system. In the Allen-Cahn system we see that the analytic score function
underperforms with respect to the generative model, which we justify as a
combination of two effects: the generative score is more tailored to the data-
distribution and the ensemble averaging yields errors in computing the response
function.

We quantify the error in Figure 2. We see that the generative model has a
higher error than the Analytic error in the L2 sense for the Ornstein-Uhlenbeck
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and Allen-Cahn systems. The generative model has enhanced performance with
respect to the Gaussian approximation in the Allen-Cahn system but, due to the
accumulation of errors in many of the grid-points, the L2 error is comparable to
the Navier-Stokes Gaussian approximation error. For the L∞ error we see that
the generative model outperforms the Gaussian approximation in the nonlinear
regime and is comparable (but less performant) in the linear regime.

Figure 1: Response functions for Three Systems. The response to a per-
turbation at the pixel component i = 1 is evaluated at various pixel components
with coordinates indicated at each panel. All evaluated components align with
the advection direction. Responses are computed by integrating the dynamical
system (orange lines, “Dynamical”) via Gaussian approximation (black lines,
“Gaussian”), using the score function derived from generative modeling (red
lines and dots, “Generative”), and using the analytic score function (blue lines,
“Analytic”). The “Dynamical” response is taken as the “ground truth”.

3.3 A Comment on Generative Score function
The generative score function does not find the score function of the data
distribution but instead finds the score function convolved with an independent
multivariant normal whose width is σmin due to the use of the denoising score
loss. In principle, we can instead calculate covariances of the “noised” data.
Thus, we can add to our multivariate random noise Z⃗. This modification, in
principle, allows us to satisfy the identity, Equation (47), to a higher fidelity;
however, this procedure is useful only if the true system response is robust in
the σmin → 0 limit.

Adding small noise to the data has the additional benefit of regularizing
the distribution. Thus, if the distribution lies in a lower dimensional subspace,
convolving it with a multivariate Gaussian makes it occupy the full space. When
performing an estimate in the Gaussian case, this has the consequence that the
covariance matrix becomes

C(u⃗+ Z⃗, u⃗+ Z⃗) = C(u⃗, u⃗) + σ2
minI (56)
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Figure 2: Response Function Errors for the Three Systems. Here, we
show both the RMS error and the Infinity Norm error of the Response function
as a function of time. Here, we use the Dynamic response function as the “ground
truth”. We see that the Generative response (red) generally outperforms the
Gaussian response (blue) for the nonlinear cases (Allen-Cahn and Navier-Stokes),
especially in the Infinity Norm, and performs similarly for the linear system
(Ornstein-Uhlenbeck).

where C is the spatial covariance operator and I is the identity matrix.
An alternative is to train a Neural network for σmin = 0 separately using a

different loss function.

3.4 The Effect of Shifts and Normalizations on Response
Functions

It is common to shift and normalize the data so that

ũ = au+ b (57)

where a and b are constants. Regarding response functions, we note that the
response function for u and ũ is exactly the same. To see this denote the
distributions for u and ũ by ρ1(u) and ρ2(ũ). The response matrix is

⟨ui∂uj
ln ρ1⟩ = ⟨(a−1ũi − a−1b)∂a−1ũj

ln ρ2⟩ = ⟨ũi∂ũj
ln ρ2⟩. (58)

It is easier to see that the above relation holds from the empirical estimate of
the expected value. Thus, one can correlate the score function of the shifted and
scaled data distribution with the shifted and scaled data to get the response
function for the unshifted and scaled data distribution. More complex data
transformations require further analysis.
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4 Denoising Score Matching
In this section, we focus on estimating the score function of the attractor of a
dynamical system, as defined in Equation (3), through a denoising score matching
training procedure often used in generative modeling (4; 5, and follow-on studies).
This process approximates the score with a trainable function and subsequently
optimizes its parameters. In principle, this could be achieved by minimizing an
explicit score-matching loss function in which a trainable function is compared
to the exact score. However, the true score function is generally unknown.

To overcome this problem, we perturb the data across a continuum of noise
scales as is done in (6; 4; 7) by using a forward diffusion process governed by
the stochastic differential equation (SDE; (5)).

dτ u⃗ = ξ⃗τ , (59)

where τ is a diffusion time not to be confused with the physical time of the
dynamical system from the previous section. Here, we employ a notation common
in the physical sciences, rather than using the Wiener process differential dW⃗ .
Note that we consider a discretized version of the continuous scalar field u
on an N ×N grid, such that the dimensionality of the discretized u (denoted
with the vector arrow) is N2. Furthermore, ξ⃗τ is a N2-dimensional zero-mean
random normal vector with diagonal covariance matrix and variance g2τ for all
components of ξ⃗τ . The initial condition for Equation (59), at time τ = 0, is
drawn from the steady-state distribution (e.g., the attractor):

u⃗0 ∼ ρ(u1, . . . , uN2), (60)

where ρ corresponds here to the distribution of the discretized system in steady
state. The solution of Equation (59) at any diffusion time τ , u⃗τ , follows a
multivariate Gaussian distribution

u⃗τ ∼ N (u⃗0, σ
2
τ I), (61)

with diagonal covariance matrix σ2
τ I governed by the variance

σ2
τ =

∫ τ

0

g2τ ′ dτ ′. (62)

In particular, at τ = 0 we have that σ0 = 0 and therefore u⃗0 is a sample from
the data distribution. For generative modeling and this form of forward diffusion,
the function gτ is often chosen to grow exponentially with diffusion time τ so
that at a final time τ = 1 the variance is much larger than the original scale of
the data points (e.g., 5). As a result, the distribution of u⃗1 can be approximated
as

u⃗1 ≈ N (⃗0, σ2
1I). (63)

This is referred to as the “variance-exploding” form of the forward diffusion
process (5). As noted in the main text, there is a corresponding equation for
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the density which approaches a Gaussian distribution as τ → ∞. This choice
ensures that the memory of the initial condition in the diffusion process is lost,
mapping points in the observed space u⃗0 to points in the latent space u⃗1 drawn
from a known distribution independent of the source data; the independence of
the latent distribution from the data is what allows for easy generation of new
samples by solving the reverse process.

Since the score function s⃗τ of the density of the discrete system changes
smoothly with τ , it is easier to learn using the denoising score matching loss (5).
We choose a suitable function approximator (e.g., a neural network) and train it
with the denoising score matching loss given by

L(θ) = E
[
λ(τ)2

∥∥∥s⃗θ(u⃗0 + στ ϵ⃗, τ) +
ϵ⃗

στ

∥∥∥2] , (64)

where λ(τ) is an optional weighting factor, θ indicate a set of parameters, and
the expectation E is a shorthand for Eτ∼U[τmin,1],u⃗0∼ρ,⃗ϵ∼N (⃗0,I) (5). Previous work
in (5) has found that limiting the expectation over time to a minimum value
of τmin ≪ 1 is necessary as the loss function diverges at τ = 0, where σ0 = 0.
Furthermore, the loss function in Equation (64) is slightly modified in training:
we rewrite the score network as

s⃗θ(u⃗, τ) =
f⃗θ(u⃗, τ)

στ
, (65)

where f⃗θ(u⃗, τ) is a trainable function and στ is the conditional standard deviation
of the forward diffusion process. This allows the function f⃗θ to target a quantity
of order unity (e.g., 4; 7; 8).

Having trained the score function s⃗θ we can use it to estimate the score of
the steady-state (e.g., the attractor) ρ to use it as a drop-in score estimator
within the context of Equation (3) of the manuscript. This is accomplished by
setting τ = τmin ≪ 1 as input to the trained score model so that we have

s⃗(u) ≈ s⃗θ(u⃗, 0) ≈ s⃗θ(u⃗, τmin), (66)

where the first approximation is due to representation error in sθ or imperfect
training, and the second is due to evaluating that function at τ = τmin and not
at τ = 0.

4.1 Choosing a weighting function λ(τ)

As noted, the score function s⃗θ(u⃗, τ) is most often used in the literature to
generate synthetic data samples using the reverse process of Equation (59) (9),
and hence s⃗θ(u⃗, τ) is required for all τ . However, in this work, we are primarily
interested in the score network evaluated at τ = 0. This can be controlled with
the λ(τ) weighting function.

For the Ornstein-Uhlenbeck and Allen-Cahn systems, we adopt the standard
parameterization of λ(τ) = σ(τ)(4; 7; 8), which has been found to produce
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high-quality samples. However, for the Navier-Stokes case, we found it important
to emphasize the diffusion times closest to zero in the loss function; in this case,
we chose λ(τ) = δ(τ − τmin)σ(τ). Note that different weighting schedules can
strongly affect the quality of generated samples (e.g., 10). This is important
because the samples can be used to validate the model when no other source of
truth is available.

4.2 The noising schedule
The prescribed noising schedule σ(τ) remains to be specified. Using the Variance
Exploding (VE) schedule (5), we have the noising process

gτ ≡ σmin

(
σmax

σmin

)τ
√
2 log

(
σmax

σmin

)
(67a)

σ2
τ ≡ σ2

min

[(
σmax

σmin

)2τ

− 1

]
, (67b)

where σmin and σmax are scalar parameters determining the shape of the variance
with time. Suitable values of the σmax can be computed from the data (8), e.g.,
σmax is given by the largest pairwise L2-distance in the dataset. From these
expressions, it is clear that σ0 = 0, i.e. that u⃗0 coincides with the data. As
noted above, σ0 = 0 leads to divergences in the loss function and instability in
training (see e.g. (5)), so we restrict the diffusion time to 1 ≥ τ ≥ τmin.

For the Navier-Stokes case, we use a weighting function that only includes
τ = τmin as that is all we really need to generate good estimates for the score
function at small τ . We used a value of σmin = 10−3 and τmin as

τmin = log
(√

2
)
/ log (σmax/σmin) , (68)

which implies that the score function learned at this time is the score function of
the data with a small amount of Gaussian noise added. Note that, στmin = σmin
thus the parameter σmax cancels out at τ = τmin and therefore does not affect
the results for this case. For the Ornstein-Uhlenbeck and Allen-Cahn systems,
we set σmin = 0.01, and σmax = 14.

5 Score Model Training Details
In this section, we describe the training procedure for the score models. Dataset
sizes and time to train for the architecture we used were provided in the main
text. All of what is described below is a summary of standard methods for the
field. We found that no hyperparameter tuning was required for training the
models using the Ornstein-Uhlenbeck and Allen-Cahn data sets, but varying
the kernel size and noising schedule improved results for the Navier-Stokes data.
Prior experience with training these models was invaluable.
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5.1 Architecture
The network architecture used is based on a U-Net (11). An initial “lifting”
layer preserves the size of the image, while increasing the number of channels.
Three downsampling layers follow, which reduce the size of the image each by
a factor of 2, while increasing the number of channels. Eight residual blocks
follow, which preserve image size and channel number. Three upsampling layers
then increase image size, each by a factor of two, and decrease the number
of channels. A final projection layer projects down to a single channel while
preserving image size. Two-dimensional spatial convolutions are used in each
layer. For both the Ornstein-Uhlenbeck and Allen-Cahn data sets, convolutional
kernels of size 3 x 3 pixels were used throughout. For the Navier-Stokes data
set, a higher capacity network was required; we found that kernels of size 31x31,
31x31, 15x15, and 7x7 worked well for the lifting and three downsampling layers;
we found also that dropout was required, and used a value of 0.5. In all cases,
the channel increases are 1 → 32 → 64 → 128 → 256. All convolutions used
respect the periodicity of the system using periodic padding. As is standard in
score-based diffusion modeling, the diffusion time τ is embedded using a Gaussian
Fourier projection (12); we used an embedding dimension of 256. We made use
of the publicly available Julia code https://github.com/CliMA/CliMAgen.jl/
for the score-model training and sampling. All other architecture parameters
were left at their defaults.

We found that doubling the number of channels in the U-net architecture to
1 → 64 → 128 → 256 → 512 did not substantially improve results. Furthermore,
increasing the kernel sizes in the Allen-Cahn and Ornstein-Uhlenbeck process
did not improve the results. Using dropout decreased training time when using
larger kernel sizes, but was unnecessary for the smaller kernel sizes.

5.2 Training
5.2.1 Data processing

All snapshots were normalized as described in Section 3.4. We used batch
sizes of 128 for the Allen-Cahn and Ornstein-Uhlenbeck data, and 1024 for the
Navier-Stokes data. We trained for 200 passes over the data for the OU and
Allen-Cahn datasets, and 1600 for the Navier-Stokes dataset.

The Ornstein-Uhlenbeck system used 12, 800 snapshots, the Allen-Cahn
system used 25, 600, and the Navier-Stokes data used 131, 072 snapshots. Ap-
proximately 20% of this data was witheld during training to create a “test” set.
We did not thoroughly explore whether or not we could use less data and achieve
the same fidelity of results.

5.2.2 Optimization

We used the default optimization configuration of CliMAgen.jl. This is an Adam
optimizer with ϵ = 10−8, β1 = 0.9, and β2 = 0.999 (13). We normalize the
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gradient at each step, and use a warmup period of 5000 gradient updates to
linearly increase the learning rate to 2× 10−4 from 0.

5.3 Hyperparameter Sensitivity
Here, we aim to provide a condensed parameter sensitivity study by showcasing
errors in computing response functions for two extremes of training a neural net-
work architecture for the score of the Navier-Stokes system. The first architecture
has kernel sizes of 3x3, 3x3, 3x3, and 3x3 for the lifting and three downsampling
layers and channel increases of 1 → 32 → 64 → 128 → 256. Furthermore, it
is trained without dropout on the default loss function for all diffusion times
[τmin, 1] with σmin = 10−3 and σmax = 10. The second architecture has kernel
sizes of 31x31, 31x31, 15x15, and 7x7 for the lifting and three downsampling
layers and channel increases of 1 → 64 → 128 → 256 → 512. Furthermore, it
is trained with a dropout of 0.5 on a modified loss function for diffusion times
[τmin, τmin] with σmin = 10−3. This architecture is twice the size used in the
main manuscript due to the channel sizes and produces lower errors than that
reported in the main manuscript. The first architecture took 30 seconds per
epoch, and the second architecture took 5 minutes per epoch on an Nvidia A100
GPU.

We see the response function errors of using the raw and corrected score
functions as a function of simulated time and number of epochs used for training
the network over the same dataset in Figures 3 and 4. We overlay the Gaussian
error in both figures for comparison. In all cases, we see that using the corrected
generative score improves the error in computing the response function compared
to the generative score without correction (raw). Furthermore, we see that in
both architectures, once sufficiently trained, the generative model outperforms
the Gaussian response, especially with regard to the most extreme responses.
From Figure 3, we see that the raw generative response does not match the
performance of the Gaussian approximation for the default network and loss
functions for any number of training epochs, which we attribute to a neural
network architecture with insufficient complexity to capture the score function of
the Navier-Stokes system over all diffusion times. On the other hand, we see in
Figure 4, with a larger architecture and different loss function, the raw generative
model outperforms the Gaussian approximation and nearly matches that of the
corrected generative model for the latter epochs. Early in training, we see that
the corrected generative response matches that of the Gaussian response.

5.4 Model Validation
For both the Ornstein-Uhlenbeck and Allen-Cahn data sets, we validated the
learned score function by numerically solved the reverse SDE using an Euler-
Maruyama timestepper with initial condition u⃗1 drawn from the approximate
latent distribution at τ = 1, e.g., u⃗1 ∼ N (⃗0, σ2

maxI) (5). The diffusion time
interval τ ∈ [1, τmin] was split into 250 equally spaced steps.

16



Figure 3: Response Function Errors for the Navier-Stokes System as the
Training Proceeds for a Small Network. We show the Gaussian Response
(black) as a baseline for comparison with the Raw Generative Model (purple)
and the corrected Generative model (red) for several epochs of training.

Figure 4: Response Function Errors for the Navier-Stokes System as
Training Proceeds for a Larger Network. We show the Gaussian Response
(black) as a baseline for comparison with the Raw Generative Model (purple)
and the corrected Generative model (red) for several epochs of training.

17



We generated samples using the reverse diffusion sampling strategy. Various
statistical metrics (power spectra, the first four moments of the pixel value
distribution) were computed using these synthetic samples and using samples
from the real training data in order to assess the quality of the model. We
ascertained that the power spectra and moments computed with both sample
sets agreed within the uncertainties due to finite sample size, and we also visually
inspected the loss curves to assess whether the training was converged.

This validation was not possible for the Navier-Stokes trained model, due to
our choice of weighting function of λ(τ) - see Section 4.2.

In all cases, we validate the score at τ = τmin via response functions, as noted
in the main text, and against analytic expectation if available.

6 Further Studies with the Allen-Cahn Equation
Figure 5 shows an example trajectory of the modified Allen-Cahn equation. As
we proceed further in time, we see that the pattern shifts to the right (as given
by the advection term) and changes according to the stochastic dynamics.

Example training data samples and the steady-state pixel distribution of the
numerically simulated system are shown in the upper row of Figure (6). The
machine-learned method generates new samples in the bottom row of Figure (6)
and the corresponding steady-state pixel distribution. The machine-learned score
function can generate samples similar to the original distribution. We compare
the steady-state pixel distributions of both the generated fields and data samples
to the Gaussian distribution defined by the data’s mean and variance (as used
in the Gaussian approximation) in the rightmost panels of Figure (6).

Since we have access to the analytic score function, we have an alternative
method of assessing the generative model’s fidelity. We evaluate Equation (42)
(scaled by 1/322) and the generative score for several choices of fields u in
Figure (7). We test both on data similar to what the neural network has seen
before (but not in the training set) and fields far from the original attractor
distribution. When applying the score function to a constant field (left panel)
for a choice of amplitude (such as u = 0, u± 1, u = 0.5, etc.), we obtain a cubic
polynomial for the analytic score and a similar shape for the generative score,
albeit with a significantly smaller amplitude. When evaluated on a smooth field
(top three panels on the right), the generative score predicts the “rings”. Still, it
cannot obtain the center and mistakenly assigns different values to that region.
Lastly, we see excellent agreement between the analytic and predictive score
functions when evaluated on data similar to the steady-state distribution of the
Allen-Cahn equation (bottom three panels on the right). We reemphasize that
the neural network was only exposed to images of the steady-state distribution.
In summary, the neural network reproduces the score function when evaluated
on data similar to what it has been exposed to. However, the neural network
produces quantitatively incorrect answers with similar qualitative features for
significantly out-of-sample functions.

18



Figure 5: Example trajectory of the Allen-Cahn equation. Time progresses
from 0 to 70 time units from top left to bottom right. We used approximately
uncorrelated snapshots - sampled every 100 units of time - in training. Both the
periodicity of the solution at the boundaries and the advection (to the right) are
also visible in the trajectory.

7 Colormaps of the System Responses
In this section, we present the colormaps of Rij(t), defined in Equation (3)
of the manuscript, for different values of t and for each of the three systems
studied: Ornstein-Uhlenbeck (Figure 8), Allen-Cahn (Figure 9), and Navier-
Stokes (Figure 10). These figures illustrate how each system responds to a
small perturbation applied at the index (1, 1), showing how the perturbation
propagates over time.

The use of periodic boundary conditions on all sides allowed us to apply a
circular shift to the image pixels. This method repositions the perturbed pixel
to the center. For visual clarity, a shorter color range compared to Figure 2 in
the manuscript is used.

8 Numerical Solution of the PDEs in the Manuscript
We use a Fourier spectral method for the spatial discretization for all three
systems in the manuscript (14). The temporal discretization was implemented
via a Runge-Kutta 4 scheme for the deterministic dynamics accounting for the
noise term after the final Runge-Kutta stage. The timestep size was ∆t = 1/32
for the Ornstein-Uhlenbeck and Allen-Cahn equations and ∆t = 1/128 for the
Navier-Stokes system. No dealiasing was used for any of the nonlinear terms
of the simulation. All systems were evolved in a domain of size [0, 2π)2 and
took less than an hour to generate the dataset. The Navier-Stokes system was
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Figure 6: Example snapshots and steady-state pixel distribution of
the solution to the Allen-Cahn equation. In the top row, we show the
results of a numerical simulation of the Allen-Cahn equation) on a domain of size
2π × 2π using 32× 32 pixels; in the bottom row, we show samples generated
via the learned score function using reverse diffusion (5). The rightmost column
shows the corresponding pixel distributions, where the blue and red lines indicate
the equivalent distributions from the top and bottom, respectively. The black
line shows the Gaussian approximation fitted to the bimodal pixel distribution.

Figure 7: Score function evaluation. Here, we evaluate the analytic score
function and the generative score function for several cases. In the leftmost
plot, we show the evaluation of a constant function with amplitude given by
the horizontal axis. On the right, we show the evaluation of the score function
in two separate cases: The first is on the function sin(x) sin(y), and the second
is a data sample in the test set. Color ranges are the same for fields in which
comparisons can be made.
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Figure 8: Colormap of the Ornstein-Uhlenbeck system response for different
values of the time parameter t.

Figure 9: Colormap of the Allen-Cahn system response for different values of
the time parameter t.
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Figure 10: Colormap of Navier-Stockes system response for different values of
the time parameter t.

implemented on an A100 GPU and the Ornstein-Uhlenbeck and Allen-Cahn
equations were run on a single core of a CPU with an Apple M1 chip, both with
the Julia programming language.

The Navier-Stokes system was discretized by averaging the conservative
and advective forms of the discrete system. The random-wave forcing in (15)
co-evolves a random variable φ⃗ alongside the Navier-Stokes equations as,

˙⃗φ = ξ (69)

and the forcing on the right-hand side of the Navier-Stokes equation was

ς̃ = F−1

[
F

N∑
i=1

ai exp(ιφi)

]
and ς = real

(
ς̃ − νf

∫
ς̃ dxdy

)
(70)

where F = 18.75, νf = 0.9/(2π)2, F−1 is the default discrete inverse Fourier-
Transform from FFTW, ι =

√
−1, and ai is a filter with the subscript looping

over all wavenumbers. Specifically, ai = 1 if |⃗ki| ≤
√
112.5 and ai = 0 otherwise.

In our case, the dimensionality of the vector φ⃗ is the same as the Navier-Stokes
equation, 322.
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